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L X I I I .  The Physical Significa~ce of the Least Common ~[ul- 
tiple. B~j NORMAlq CAMPBELL, Sc.D., and E. C. C. BALY, 
C.B.E., M.Sc., F.R.S.  * 

NOTE.--This paper is the result of a long private discussion 
between its authors. They have resolved some of their 
differences and misunderstandings, but since a residuum of 
disagreement remains they think it well to express their 
views in tile form of a criticism and a reply. 

I. (By N. R. C.) 

1. | N  interpreting his work on absorption spectra Prof. 
I Baly (e.q. Phil. Mag. xl. p. 1, 1920) has based 

some of his conclusions on the observation that one of tile 
i'requencies (or wave-numbers) characteristic of the spectrum 
is the least common multiple o f  other characteristic fre- 
quencies. So far as I can discover, this is the first time 
that physical sigaificance h;~s been attributed to the L.C.M. 
of measured magnitudes ; the occasion seems appropriate to 
examine what that significance may be. 

2. The conception of an L.(3.M. is usually applied only 
to integers ; Prof. Balv applies it to fractions, still meaning, 
of course, by the L.(L~I. the least common i~ztegral multiple. 
:No objection can be taken to this extension in general ; any 
fractions, so long as they are commensurable, have an L.C.M. 
which is given by 

L.C.M. of numerators of the fractions 
L .C.M.= t:[.(~.F, o~ denominators of the fractions ' (1) 

where H.C.F.  means highest common integral factor. But 
it may be observed at once that tile conception is applicable 
only if' the fractions are commensurable ; there cannot be 
any L.C.M. of the length of the side of a square and the 
length or' its diagonal. In speaking of an L.C.M., Prof. 
Baly is assuming that the real frequencies characteristic of 
an absorption spectrum are commensurable. Though no 
arguments can be raised ~lgainst this assumption, I believe 
that none can bo raised for i t ;  there can be no arguments 
until relations are found for absorption spectra such as are 
known for the " hydrogen-l ike" emission spectra. The fre- 
quencies of the Bahner series are doubtless commensurable ; 
but it is still doubtful whether the frequencies of the similar 
spectra in other elements are so. However, Prof. Baly 
might well claim that the success of his interpretation 

* Communicated by the Authors. 
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708 Dr. ~N. Campbell and Prof. E. C. C. Baly on the 

justified his assumption, and therefore no further objection 
on this score can be taken. 

3. The point to which I wish to draw attention is that the 
L.C.M. given by (1) is determinate only if the fractions arc 
known with perfect exacti tude; it is quite indeterminate 
if there is any experimental error whatever. In this the 
L.C.M. differs from the functions which are most frequently 
used in physics. Thus, if we are concerned with the product 
of two magnitudes A and B, an uncertainty of (say) 1 per 
cent. in their w~lues produces an uncertainty of only about 
1 per cent. in their product. 'But the same uncel'talnty, or 
any uncertainty whatsoever, produces an infinite uncertainty 
in their L.C.M. If  we do not know the values exactly, 
then there is an infinite number of values covering an 
infinite range, any of which may be the L.C.M. 

For there is an infinite number of ratios p/q (where p and. 
q are prime to each other) which diffbr by less than any 
assigned amount from each other ;  whatever our exper{2 
mental accuracy, there is an infinite number of pairs 1), 7 
the ratio of which can be used with equal right to represent, 
tim measured value. Let these ratios for one of the measured 

values be p l P2 . ; for the other rl r2 . . . .  Then, by 
q l '  q~ "" s x '  s~ " 

(1), the L.C.M. of p~ and rl will not be equal, or evell 
~1 81 

approximately equalin general, to the L.C.M. of jo~ and r2. 
~2 82 

I f  (Pl, ql, rl, Sl) are all prime to each other then the L.C.M. 
is ptrl, and will differ enormously according to the approxi- 
mation adopted. Thus, if we cannot measure a magnitude 
to 1 in 1000, we cannot have any reason to adopt the 
approximation 22/7 rather than the approximation 355/113 ; 
but if we take the L.C.M. of this magnitude with (say) 
3'1/10, the two results we shall get will be 682 and 11005, 
which are in the ratio of 22 to 355. Their ratio is not that 
of any small integers ; they are magnitudes as completely 
different as any magnitudes can be. 

4. This is so obvious that, if we had been iu the habit of 
expressing fractions in the vulgar form, the indeterminate- 
ness of the L.C.M. of any fractions of which the value is 
not known with complete nmthematical accuracy wouhl have 
been immediately apparent. I t  is only if we use, as ~e 
always do, decimal notation (a tern1 which will be employed 
~0 denote also similar notation based on a radix other than 
10) that there is any appearance of determinateness. For 
when we adopt such notation, we fix the denominator of all 
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Physical 8ignificance of the Least Common Multiple. 709 

our fractions and therefore fix also the nmnerator and the 
L.C.M. Then (1)leads immediately to the following rule, 
which is that actually employed by Prof. Baly :--Express 
the values with the same number of decimal places; remove 
the decimal point ; take the product of the resulting integers 
and replace the decimal place in the product. Thus the 
L.C.M. of 7"7 and 5"6 is 431"2. ]t is to be observed ~hat 
we must take the product and not the L.C.M. of the 
integers. For the number of decimal places expressed are 
those which represent amounts greater than the experi- 
meutal error; we do no~ know what the remaining places 
are. I f  we took the L.C.M. of 77 and 56 (viz. 616) in 
place of the product 4312, we should be assuming that the 
unexpressed places were all zeros, and for such an assump- 
tion there is not, of course, the slightest justification. 

This rule, which is imposed on us by decimal notation. 
implies the choice of one out of the infinite number of 
alternatives for the ratio p/q which is to represent the value. 
Moreover, the choice is determined wholly by the radix of 
the notation and the physical unit. But the L.C.M. is 
determined by the choice ; and the L.C.M. arrived at is thus a 
quite arbitrary selection from an infinite number of pos- 
sible alternatives. 

5. In place of a general discussion it will perhaps be 
better to take a single example. Suppose that the real'value 
of the two magnitudes is 7 ' 69438 . . .  and 5 ' 62936 . . .  
inches, and that the possible experimental error is not less 
than 1 per cent. Then we shall choose the numbers already 
given, 7"7 and 5"6, and find 431"2 as the L.C.M. But if we 
had been measuring in centimetres and had never heard of 
inches (obviously a.permissible supposition) the real values 
would have been 19"5438. . .  and 14"2986. . .  ; remem- 
bering our 1 per cent. error, we shall choose 19"5 and 14"3, 
of which the L.C.M. is 2788"5 cm. or 1976"6 inches--a 
result quite different from the value 431"2 at which we arrived 
before. (It is, of course, 10/2'54 times as great.) Accor- 
dingly a change of unit leads, by the rule to which we are 
forced, to the identification of a perfectly different length 
to represent the L.C.M. of the original lengths. 

Now let us change our radix to 3, and express number in 
the scale of 3 in italics. Then 7"69438... ----2r 
and 5"62936. . .  --r162162162 . . . .  With an accuracy 
of 1 in 243 we shall choose 2r and r162162 Of these 
the L.C.M. is r r162 =. 1157" 7--again quite a different 
result from our original 431"2. 

Indeed it is not difficult to see that by an appropriate 
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710 Dr. N. Campbell and Prof.  E.  C. C. Baly on tile 

choice of unit or o[ radix, and employing always the rule 
which Prof.  Baly employs, it is possible to make out any 
number whatsoever to be the L.C.M. of any other numbe~Ys 
whatsoever. And this indefiniteness, it must be insisted, 
does not result from Prof.  Baly's use of' tile wrong rule ; so 
long as there can be a right rule ~5o determine something 
that does not exist, it is the r ight  rule. The plain fact of 
the matter is that, if the numbers el which the L.t3.M. 
is to be taken are not known with perfect and complete 
mathematical acc , raey,  there is no such thing as the 
L.C.M. His rule merely adopts one out of an infinite 
number of alternatives ; and the alternative which it adopts 
depends x~ holly on the unit of measurement and the scale of 
notation. 

6. Are we then to conclude that the numerical agreements 
which he finds are pure coincidences ? The answer to that 
question I leave to those familiar with spectroscopic work, 
for they alone can determine whether the accuracy of' the 
measurements is such as to make the probability of the 
necessary coincidence sufficiently great for that explanation 
to be plausible. But  it seems that if the answer is negative, 
there is only one conclusion to be dra~vn. 

i f  the L.C.M. is to be significant the values must be 
known with complete accuracy. There is only ane kind 
of magnitude which has no experimental error and can be 
known with complete accuracy;  that magnitude is the 
number of something, which is necessarily :m integer ~. I f  
we were measuring electric charges and found wflues 
9'6 • 10 -w, 14"3• 10 -:~ 28 '6•  10 -m e.s.c.g.s, units, we 
should doubtless conclude that we were measuring '2, 3, 6 
electronic charges, and might justifiably attribute significance 
to the fact that the third number is the L.C.M. of the first 
two. And the conclusion would not be invalid because 
there was experimental e r ror ;  the error arises in deter- 
mining what is the charge of which the measured charges 
are integral multiples;  we know without any error at all 
that the charges are integral, and not fractional, multiples 
of that charge, and since our measm-ements are accurate 
enough to distinguish between successive integers, we know 
exactly what multiples they are el the unknown charge. 
We know that the real charges are p x ,  qz ,  r x  where p,  q, r 
are integers;  and we can draw the conclusion lhat q x  is the 
L.C.M. of par and rx withou~ knowing x. The conclusion, 
moreover, would be independent of any change of unit 
,(which would merely change x) or of change of radix. 

* See 'Physics: The Elements,' Chap. xvi. 
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Physical Significance oat" the Least Common Multiple. 711 

This represents, in my opinion, the only ease in which the 
L.C.M. of magnitudes affected by experimental error can 
have an L.C.M. which is physically significant. Its charac- 
teristic is that all the magnitudes are integral multiples of 
some "na tura l  unit " of which fractional values cannot 
occur. I f  Prof.  Baly's conclusions cannot be explained as 
numerical coincidences, they must prove that there is an 
indivisible unit of frequency in the absorption spectra which 
he considers. But  since there is, I believe, no general belief 
a t  present in such a unit, it will be well to point out that the 
measurements must fulfil certain conditions to be consistent 
with that hypothesis. I f  they do not t'ulfil them, then, so far 
as I can see, the agreements he finds must be nmnerical 
coincidences, however small the apparent probability of such 
a coincidence may be. 

I f  measured values a, b, c are to be integral multiples of a 
natural unit and, at the same time, the statement is to be 
significant that e is the L.C.M. of a and b, then it must be 
possible to find an x such that, within experimental accuracy, 
(a, b, c )=(p ,  q, ~.). <v, where p, q, r are integers and r is the 
L.C.M. ofp ,  q. 

This condition raises some dit~culties when, as in Prof. 
BaIy's examples, the values obey his rule, bei,~g expressed in 
units such that they are not integral. For  collsider a----7"7, 
~----5"6, e=431"2. The only possible value of z is near to 
0"1 ; but if ~v----0"l, the nmnbers of natural units in each of 
the measured magnitudes is 77, 56, 4312. And since the 
only way of proving the existence of a natural uoit with any 
satisfaction is by showing that measured values ~re in the 
ratios of small integers, the mere fact that all Prof. Baly's 
magnitudes must be represented, in terms of natural units, 
by integers ~hat are by no means small, makes it difilcult for 
him to establish from these experiments (I say notbing of 
others) the only proposition that will make his results sig- 
nificant. But once more, the only alternatives are (1) their 
his agreements are mere coincidences, (2) that all experi- 
mental physics is founded on a delusion and scales of notation 
have physical importance. 

I I .  (By E. C. C. B.) 

Whilst minor objections might be raised to some of Dr. 
Campbell's statements the main criticism he makes against 
the least common multiple is obviously sound, l naturally 
am in complete agreemenL with him in his conclusion that 
the least common multiple of two different energy quanta 
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712 Dr. N. Campbell and Prof. E. C. C. Baly on the 

can have no physical significanc~ unless these quanta are 
integral multiples of a fundamental unit. Dr. Camphell 
speaks throughout of frequencies and the least common 
multiple of these frequencies, and in conclusion he states 
his opinion that there is no general belief in a f,md~mental 
unit of frequency. I would point out that my theory is 
based oil the assmnptiou that each elementary atom is 
characterized not by a frequency but hy its energy quantum, 
the frequency being due to the time factor in the process 
involving the absorption or emission of one qtlantnm~ 
namely the shift of an eleOron from one stationary orbit to 
another. To my mind the difficulty in postulating a 
fundamental unit of energy is not so great as it might be in 
postulating a natural indivisible unit or' frequency, especially 
when it is remembered that this fundamental unit is ex hypo- 
thesi associated with matter. 

In my papers I made the assumption that two atoms in 
combining together contribute each an equal share towards 
the total energy loss and therefore emit an equal ,mount of 
energy as whole numbers of their characteristic quanta. 
This very simple hypothesis naturally means that each atom 
evolves an amount o[ energy which is the L.C.:M. of the 
quanta characteristic of the two atoms, and in putting it 
forward I was tacitly assuming that each elementary 
quantum is an integral multiple of some fundamental uui~. 
I am very indebted to Dr. Campbell for pointing this out. 

The existence of this fundamental unit of energy asso- 
ciated with matter does not seem to me to be difficult of 
acceptance. Very possibly the fundamental unit is the 
elementary quautum characteristic of the hydrogen atom, 
the quanta characteristic of other atoms being integral. 
multiples of this. The very interesting possibility that 
every atomic nucleus is built up of hydrogen nuclei certainly 
does" not increase the difficulty of belief in this, and in 
addition I may refer to the statement in my paper that simple 
arithmetical relations do seem to exist between tim ele- 
mentary quanta I have been able to calculate. 

Apart from the question of the correctness of any 
particular theory, the non-existence of a fundamental unit i)f 
ener(~v would seem to lead to utterly chaotic and unco- 

~ d  

ordinated relations between the frequencies and energy 
contents of substances. It  would I think stultify all hopes 
of quantitatively coordinating energy and chemical reaction, 
and as is well-known many most promising results have 
been obtained by Bodenstein, W. C. McC. Lewis, and others 
in this direction. 
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Physical Significance of the Least Common Multiple. 713 

Dr. Campbell says that all the numerical agreements I 
have obtained must be coincidences if the fundamental unit 
does not exist, but after all the multiplication of coincidences 
must sooner or later engender a belief in their reality. The 
" coincidences" 1 r have obtained are very numerous indeed. 
The calculation of all the 600 individual lines in the absorp- 
tion band of sulphur dioxide from the infra-red absorption 
spectrmn of hydrogen sulphide, the calculation of the lines of 
water from sulphur dioxide are only tw 9 isolated cases, i laid 
more stress upon these because of their very great accuracy. 
There are many others equally striking *, and I do not think I 
am unduly biassed in saying that it surely is easier to believe 
in the existence of a fundamental unit of energy associated 
with matter than to disbelieve in the reality of these results. 

There have also been obtained iu these laboratories some 
results which very strongly support the L.C.M. principle 
and hence the existence of the fundamental unit of energy. 
In my paper on molecular phases 1' I suggested that the 
observed deviations from Einstein's law of the photo- 
chemical equivalent are due to the re-absorption by the 
surrounding reactant molecules of the energy radiated 
during the reaction. This will clearly result in more than 
one molecule reacting for every quantum of energy absorbed. 
In any photochemical reaction it is obvious that the energy 
evolved must be radiated by the products of the reaction 
�9 rod at frequencies characteristic of them, since if the 
reactant molecules radiate the energy they have absorbed 
they will no longer be in a reactive condition. It must 
be emphasised that, if the energy radiated by the products 
is" absorbed by the reactant molecules, the quanta charac- 
teristic of the former must be exact multiples of the latter, 
which is ~he fundamental basis of my theory and indeed 
is the point at issue between Dr. Campbell and myself. 
If, therefore, it can be proved that in any reaction the energy 
radiated by the resultant molecules is absorbed by the re- 
actant molecules, I venture to think that the integral relations 
between the quanta characteristic of the two will be very 
strongly supported, if not absolutely proved. 

In the paper referred to i~ was pointed out that the 
re-absorption by the reactant molecules of the (.nergy radiated 
by the resultant moleoules will obviously depend upon two 
factors. In the case of a photochemical reaction it will 
depend firstly on the concentration of the reactant molecules, 

Astrophys. gourn, xlli. p. 4 (1915). 
t Phil. 5lag. xl. p. 15 (1920). 
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714 Dr. •. Campbell a~d Prof. E. C. C. Baly on the 

and secondly ell tbe density ef the radiated energy and there- 
fore on the intensity of tile activating light. In other words, 
the number of molecules reacting above and beyond that 
demanded by Einstein's law will vary, firstly with the con- 
centration oi' the reactant molecules when the intensity of 
the activating light is kept constant, and secondly with the 
intensity of the activating light when the concentration of the 
reactant molecules is kept constant. 

The fact that the deviation from Einstein's law varies 
with tile concentration of the reactant molecules h,s already 
been proved, and this was pointed out in my paper. Further, 
Bodenstein * has found that the amount of hydrogen chlorid~ 
formed from a mixture of hydrogen and chlorine in unit 
time under constant illmnination varies ~ls the square of 
the concentration of the chlol'ine. Clearly, therefore, the 
first condition as regards the re-absorption is established. 

The second condition, zlamely the variation in the intensity 
of the light with a constant concentration of the reactant 
molecules, htls been investigated by Mr. W. Barker and 
myselL The photochemical union of hydrogen and chlorine 
nnder constant pressure in the presence of water has been 
studied, the concentration of the chlorine and hydrogen 
being kept constant by the dissolution of the hydrogen 
chloride in water as fast as it is formed. The detailed 
results will be published elsewhere, but a brief statement as 
to their nature may now be made. In the first pl;ice, it is 
obvious that, if re-absorption by the chlorine of the energy 
radiated by the hydrogen chloride takes place, the amount 
of hydrogen chloride formed ill unit time with constant 
intensit): of the activating light will at first conform wit|l 
Einstein s law ~nd then ste;,dily increase up to a constant 
maximum. This increase iu the rate of the reaction up to a 
constant maximum was first noted hy Bunsen and Roscoe 
and now has been amply confirmed by Mr. Barker and 
myself. 

In the second place, we have fbund that these maximum 
rates are not proportional to the intensity of the incident 
light but that they increase far more rapidly than the in- 
tensity. In other words, Che deviation from Einstein's law 
increases with the intensity of the incident light exactly as 
foretold from the theory. It may also be pointed out that 
the velocity curves indica~,e that at a finite intensity the 
number of" molecules reacting for every quantum absorbed 

Zeit. .Phys. Chem. lxxxv, p. 297 (1915). 
t Pogg. Ann. c. p. 481 (1855). 
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Physical Significance of the Least Common Multiple. 715 

becomes infinite. With this critical intensity tl~e reaction 
passes as an explosion wave through the mixed gases. 

Reference may also be made to Slade and Higson's results * 
with a photographic plate, which show that the amount of 
silver obtained with a given exposure is not proportional to 
the intensity of tile light but increases at it greater rate than 
the intensity. 

All tim phenomena foretold from my theory have therefore. 
been experimentally proved, i lay great stress on the fact 
that this re-absorption by the reactant molecules of the 
energy radiated by the resultant nmlecules is only possible if 
the quanta characteristic of the former are exact integral 
inultiples of those characteristic of the latter. Moreover, 
these observations lie outside the purview of Dr. Campbell's 
criticism and the question of coincidence does no~ arise. 

These results would seem to have considerable ihlportance 
apart from the present discussion, for they clearly establish 
the possibility of a new type of photoeatalysis. A re~Jetion, 
for instance, which requires light of extremely short wave- 
length (Schumann region)should be induced by light of a 
longer wave-length in the presence of a suitable catalyst 
The criterion of this eatal)'st will be that it contains the 
same a~oms as the reaelant molecules. This substance when 
absorbing light rays of its own characteristic ~reqneney will 
radiate this energy in the infra-red at frequencies which are 
exactly equal to those of the reactant molecules with the 
result that, provided ~he radiation density is sufl'icienl, these 
molecules will become reactivated and will react. Experi- 
ments on these lines were commenced some time ago in these 
laboratories and are still in progress. 

During the writing of this note an interesting paper has 
been published by Daniels and Johnston t in whic.h is de- 
scribed a typical instance of ~bis very phenomenon. These 
authors have proved that light of wave-length 400-460~/t 
has no action on pure nitrogen pentoxide, but tbat this sub- 
stance is decomposed by light of this wave-length in the 
presence of nitrogen dioxide which is kno~ n to absorb these 
rays. They put forward the same explanation as given 
above, but state that the energy radiated by the dioxide ean 
be absorbed by the pentoxide if the absorption bands of the 
two substances in the infra-red overlap. This process is ira- 
possible on the quantum theory unless the infra-red quanta 
characteristic of the two are exactly equal, that is to say are 
integral multiples of a fundamental unit. 

�9 Proe. :Roy. Soc. xeviii, p. 154 (1920). 
t J. Amer. Chem. Soe. xliii, p. 73 (1921). 
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716 Dr. J. S. G. Thomas on a )Tull-D~exion 

In conclusion it may b~sai'd that the evidence for the exact 
integral relationship between the quanta characteristic of 
atoms and the quanta characteristic of the molecules formed 
hy the combination of these atoms is well-nigh overwhelming. 
The hesitation to ;mcept the existence or" a fundamental 
atomic qtlantum of energy, possibly that associated with the 
atom of hydrogen, must surely give way before the experi- 
mental evidence now adduced. Whilst admitting that nay 
previous results may by some freak of nature have been 
coincidences in spite of their number, I feel that the more 
recent work gives extraordinary suppor~ to my original 
hypothesis of the least common multiple principle. 

LXIV. A ~_Vull-Deflexion Constant CurreJtt Type of Hot- 
Wire Anemometer, jbr use in the J)etermination of Slow 
Rates of.Flow of Gases, tog.ether with an JTnvestiqation of tl~e 
JEffect of the Free Convectzon Current upon such ]_)etermi- 
nations. By  J. S. G. THOMAS, f).Sc.(Lond.), B.Sc. 
(Wales), A.R.C.S.,  A .L  C., Senior Physicist, So~th Metro- 
politan Gas Company, London *. 

Introductions. 

I T was pointed out in a recent communication t, that the 
laws governing the convection of heat from fine heated 

-wires are such as to indicate the hot-wire anemometer as 
ore-eminently the type of instrument to be employed in the 
investigation;~ of slow rates ot ~ flow of gases. Employing the 
Morris type of hot-wire anemometer in such investigations, 
difficulties are encountered owing to the existence of the 
free convection current arising from the heated wire. In 
recent papers ~, the author has discussed a type of directional 
hot-wire anemometer, in which these difficulties are largely 
obviated, and by the use of which the range of application 
of the hot-wire anemometer may be extended to the investi- 
g:ltion of very slow-moving streams of gas. The sole 
uncompensated effect arising from the existence of the free 
convection current in the directional type of instrument 
referred to. is due to the difference in the magnitudes of the 

* Communicated bv the Author. 
"~ Phil. Mag. vol. x'ii. p. 240 (1921). 

Phil. Mag. vol. xxxix, pp. 525-527 (19'20); vol. xl. pp. 640--655 
(1920) ; Prec. Phys. Soc, vol. xxxil. Part 3, pp. 196-207 (1920). 
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